Gravity-induced density and concentration profiles in
We have calculated gravity-induced density and concentration gradients using scaled equations of state fashioned after that of Leung and Griffiths for binary mixtures near gas-liquid critical lines. The mixtures considered here are those of helium-3 and helium-4 and of carbon dioxide and ethane. Our calculations show that the density profiles for both mixtures in any proportion of the components are similar to those of pure fluids. The concentration gradients in the helium mixture have the same appearance as the density gradients. In the carbon dioxide-ethane system, however, the form of the concentration profile varies greatly, depending on the overall composition. Moreover, the temperature at which a mixture separates into two phases is slightly different from that expected for the mixture in the absence of gravity. We have also examined the case where a mixture is subjected to a large gravitational field such as can be generated in a centrifuge and found that, although the density gradient in all the mixtures is like that in pure fluids, the concentration gradients in the mixtures of carbon dioxide and ethane have complex features related to the presence of critical azeotropy.
I. INTRODUCTION
At a critical point, a system is only marginally stable and certain second derivatives of the thermodynamic free energy diverge. Thus, in simple fluids the isothermal compressibility diverges and consequently, as Gouy pointed out 1 as early as 1892, large density gradients will be induced by the gravitational field in a nearcritical fluid. Similarly, in a binary liquid mixture near a consolute point, the osmotic susceptibility diverges and gravity induces substantial concentration gradients.
Because of the nonuniformity of the states in the sample cell, the measurement of bulk thermodynamic properties such as the specific heat near a critical point will be affected. The errors introduced by the gravitational stratification can be evaluated by means of the scaling laws. 2, 3 Experiments using light-scattering techniques will also be affected because physical properties such as refractive index and turbidity will vary with height. 4 -8 On the other hand, the gravity-induced density and concentration gradients contain information on the equation of state of the system near a critical point; use has been made of this fact in several experiments in pure fluids 9 • 10 and in binary liquid mixtures. 11 -15 The effects of high gravitational fields have also been measured in binary liquid mixtures. 15, 16 The experimental exploitation of gravity effects in binary mixtures near a gas-liquid critical point (also known as a plait point) was begun only recently by Meyer and co-workers, 17 although the first theoretical description of the separation of phases in a binary mixture near a plait point in the field of gravity was presented by Kuenen in 1895. 18 In such mixtures, both density and concentration gradients may be present. In the case of a simple fluid, if a cell is filled at an average density (p) (henceforth referred to as the bulk density) close to and including the critical density Pc, the critical density will actually be attained at only one particular level in the cell. Similarly, in a binary liquid mixture the critical concentration Xc will prevail at only one particular level. In both cases, this particular level is where the meniscus first appears as the sample is cooled to below the critical temperature. The density profile in a Simple fluid and the concentration profile in a binary liquid mixture are, to a good approximation, antisymmetric with respect to this level. Therefore, if the cell is filled with a pure fluid at (p) equal to Pc or with a binary liquid at (x) = Xc the meniscus will first appear at the center of the cell. (The sample cell is always assumed to have cross sections uniform along the height. )
In the case of a binary mixture near a plait point, a sample is characterized by two parameters: the bulk number density (p) , and the bulk concentration (x) which is defined as the bulk number density of component 1 divided by (p) . Suppose the sample is prepared such that the combination of (p) and (x) corresponds to a state on the critical line with the associated critical temperature Tc' In the field of gravity one cannot, as in the case of a pure fluid system, expect the meniscus in the mixture to appear first at temperature T c' because at this temperature the state characterized by (p) and (x) may not be realized at any level in the cell. If at some level z in the cell, a state, characterized by p' and x' and corresponding to a different point on the critical line, is realized at T;, then the system will separate into two phases at T; and the meniscus will form at z.
Nor can one take for granted that the meniscus of the sample characterized by <p) and (x) on the critical line will form in the center of the cell.
The calculation of the gravity effects in binary mix-tures near a gas-liquid critical point was motivated by two light-scattering experiments. The first experiment is in the mixture of carbon dioxide and ethane 19 and the other is in the mixture of helium-3 and helium-4. 20 In both experiments, bending of the light beam passing through the sample has been observed just like in a pure fluid system. Moreover, in the experiment of mixtures of He 3 and He\ Miura et al. 20 have also reported that the meniscus first appeared at a temperature above the critical temperature of the bulk sample and at a level below the center of the cell. As the temperature decreased further, the meniscus first rose to a maximum level and then fell back to settle at the center of the cell. Our purpose is to investigate whether these phenomena can be ascribed to the effect of gravity. For this task, previous investigations of gravity effects in mixtures near a gas-liquid critical point, such as Mistura's derivation of the power law behavior of the change of concentration and denSity with height, 21 and the studies of sedimentation by Malyshenko and Mika 22 proved to be insufficient. For our purpose, a complete scaled equation of state of a mixture near a plait point is required. Such an equation has been developed by Leung and Griffiths for mixtures of helium-3 and helium-4. 23 Their equation of state is derived from a thermodynamic potential based on the idea that the concept of criticalpoint universality and the scaling hypotheSis are applicable to mixtures when a suitable set of variables is used. The properties of a binary mixture are then predictable from an interpolation between the critical properties of individual pure components.
For the mixture of carbon dioxide and ethane we have adopted an equation of state 24 fashioned after that of Leung and Griffiths. By the use of this equation one can calculate and examine the behavior of a mixture near a gas-liquid critical point. These two choices of mixtures form an interesting contrast because on the one hand the critical temperatures of He 3 and He 4 are far apart, their ratio being about 0.6, while on the other hand the mixture of CO 2 and C 2 H s • with less than 1% difference in critical temperatures, exhibits critical azeotropy.
In Sec. II, we present the equation of state, and in Sec. III we introduce the dependence of the thermodynamic properties on the height z as a consequence of the gravitational field. Density and concentration profiles calculated for mixtures of helium-3 and helium-4 and of carbon dioxide and ethane, for various concentrations and temperatures, are presented in Sec. IV and discussed in Sec. V. Profiles are also calculated in high gravitational fields. A short critique is presented in Sec. VI while Sec. VII summarizes our principal results and conclUSions.
II. THE EQUATION OF STATE
We refer readers to Ref. 
(5) (6) (7)
Furthermore, the potential w is written in two parts: (10) where wr is the "regular" part and Ws is the "singular" part which incorporates the critical anomalies. The regular part is assumed to be a polynomial in /:, T, and h
where
and /(t;,)=/0+/1t;,+/2t;,(1-t;,) .
The singular part takes on the form
and 7T("T, h) is the Schofield "linear model,,25 which is given in a parametric form (20) with and (22) where Tct is the critical temperature of the first component, and The equations used for calculating density and concentration profiles are and
where the subscripts b, T, and h for w, B, and H denote partial derivatives with respect to that variable while holding the other two constant. However, Be is the derivative of Bc(b) with respect to b. The densities denoted by p's are number densities and x, as defined in Eq. (27) , is the mole fraction of the first component and is referred to as the concentration in our terminology. The subscripted coefficients ao, at. a2,"" etc. are system-dependent parameters. The values of the coefficients needed in our calculations are listed in Table I for each of the two mixtures.
The values for the critical exponents a, {3, y, 0, and ~ in Table I are not the universal ISing values. We have adopted the "apparent" exponent values instead of the ISing values because, in simple fluids, the truly asymptotic scaled form of the equation of state with ISing exponents is valid only in a very small temperature range close to a critical point. to The use of the apparent values, however, allows one to extend the range of temperature in which the scaled equation of state can still be adequately applied to a system. 26
III. GRAVITY EFFECT
The gravitational field affects the molar chemical potentials IJ-t and 1-12 in an isothermal system in the following way:
where M j is the molecular weight of the ith component. By integrating Eq. (29) one obtains IJ-j=iljO-Mjgz, for i=l and 2,
where ilto and IJ-20 are the constants of integration. The boundary conditions that determine the two constants are the bulk denSity and the bulk concentration of the sample. The independent variables b, T, and h must now be expressed in terms of z. By combining Eq. (30) with Eqs.
(2), (4), and (5) and converting the constants of integration to a more convenient form we obtain
where ml=M1g/RT, fori==land2,
and 1: 0 , TO, and ho are the values of 1:, T, and h, respectively, at z == 0 which, for convenience, is defined as the center of the cell. In this new form, the two constants of integration are I: 0 and h o • The bulk density of a mixture is more sensitive to the value of ho, whereas the bulk concentration is more sensitive to I: 0 and thus 1:0 and ho are more practical to use than 1110 and IJ.20· The dependence of T on z is through 1: only.
By combining Eqs. (31), (32), and (3) with Eqs. (24)- (28) (34) to express 1:0 and ho in terms of (p) and (x) . Such an inversion cannot be carried out analytically. We have found it convenient to determine the profiles from some starting values of I: 0 and h o ; these parameters are then varied until Eq. (34) is satisfied.
IV. RESULTS
For the calculations of the density and concentration profiles, we choose the bulk parameters of the mixture samples to be those corresponding to a point on a critical line. In other words, for a chosen value of bulk concentration the density Will be the critical density determined by the critical line predicted by the equation of state. We have also chosen the height of the sample cell to be 4 mm which is close to that used by Miura et al. 20 As a typical example, denSity and concentration profiles of a mixture of H e 3 and H e 4 are calculated as a function of temperature for (x) <>< O. 69 which is within the range of concentrations studied by Miura et al. 20 The profiles at three different temperatures are shown in Fig. 1 . The temperatures expressed in the reduced units, t==(T-Tc)/T e , are, respectively, lxl0-4, -1.4 xl0-5 , and -lxlO-4 for Figs. l(a), l(b), and 1(c). Figure 1(b) shows the profiles of a sample which is at the lowest temperature, Within seven-digit resolution, at which the system is still supercritical even though t < O. The gravity effect clearly lowered the temperature at which a closed system of given bulk parameters separates into two phases, contrary to the observation of Miura et al. that the meniscus formed at a temperature higher than T c' The shift is caused by the fact that the combination of the bulk density and the bulk concentration is not realized anywhere in the cell. Instead, another point on the critical line with a lower critical temperature is realized at the center of the cell where the meniscus first appears when the system separates into two phases as illustrated in Fig. 1(c) . Lowering the temperature further does not move the position of the meniscus in any Significant way. does not show the type of meniscus motion observed by Miura et al. If we assume that this equation is realistic, we must attribute the observed meniscus motion to some causes other than, or in addition to, the effect of gravity.
One also notices in Fig. 1 that the variation in concentration is about ten times smaller than that in density. This is because the density gradients of both components He 3 and He 4 are close in magnitude and the concentration involves the ratio of two denSities. Consequently, the variations in densities cancel to some extent, reducing the variation in the concentration. In other words, even though the critical temperatures of He 3 and He 4 are far apart, the concentrations in coexisting phases are not very different, and neither are the concentration variations induced by gravity.
The density and concentration profiles of a mixture of CO 2 and C2HS calculated for (x) <>< O. 36 at three temperatures are shown in Fig. 2 . The temperatures are, in reduced units of t, 1 x 10-5 , -7 X 10-8, and -1 x 10-5 , respectively, for Figs. 2(a) -2(c). In Fig. 2(b) the system is at the lowest temperature, within seven-digit resolUtion, at which it is still supercritical. By comparing Fig. 1 to Fig. 2 , one sees that the effect of gravity on the density is much larger for the mixture of He 3 and He 4 than for that of CO 2 and C 2 H s • The tempera- Note also in Fig. 2 that the mixture of CO 2 and C 2 H 6 for this concentration is richer in the heavier component CO 2 at the top of the cell. In fact, the mixtures of CO 2 and C 2 H 6 show an interesting inversion of the concentration profile on the two sides of the azeotrope, as shown in Fig. 3 The effects of gravity in a mixture can be amplified by increasing the gravitational acceleration (as can be done in a centrifuge) or equivalently by observing a very tall cell. Therefore, we have also calculated the density and concentration profiles for the same three bulk concentrations as those in Fig. 3 , but at t""5 x 10-s , when the gravitational acceleration is increased by a factor of 2 x lOs. The results of the calculation are shown in Fig. 4 . The denSity profiles for all three concentrations are, again, remarkably alike whereas the concentration profiles are rather distinct. For (x) = 0.50, shown in Fig. 4(a) , the upper half of the concentration profile shows no unusual departure from that in the ordinary gravitational field except for a larger variation in concentration. But most of the lower half of the profile shows that the CO 2 concentration increases with decreasing height, reversing its original trend. The reversal occurs at a level slightly below the center of the cell. For (x) = O. 84, shown in Fig. 4(c) , the CO 2 concentration decreases with increasing height as in the case of the ordinary gravitational field, except for the region where z is greater than roughly 1 mm_ The reversal of the trend makes the profile look rather straight for the upper half of the cell. The most interesting feature is demonstrated by the azeotropic mixture, shown in Fig. 4(b) , in which the reversal occurs near the center of the cell resulting in an increase of C02 concentration in both upward and downward directions.
V. DISCUSSION
Implicit in the Schofield linear model is the assumption that the denSities along the coexistence curve of a pure fluid are symmetric with respect to Pc' This assumption leads to an antisymmetric density profile for the gravity effect in simple fluids near a critical point. But the use of this same model in a mixture does not lead to antisymmetric denSity profiles for each of the two components. The symmetry is broken because ~ varies along z; the symmetry in the model is preserved mathematically only if ~ is held constant. Without the symmetry, the density and the concentration at the center of a cell are different from the bulk (average) values. Nowhere in the cell can one find a level where the density and the concentration match the bulk density and the bulk concentration simultaneously. The broken symmetry leads to a shift in the tranSition temperature in a mixture. But one must also keep in mind that the deviations from symmetry are rather small. For instance, for the mixture of He 3 and He\ even when the gravitational acceleration is increased by a factor of 104, the transition temperature shifted downwards only by about 13 mK. The denSity and the concentration at the center of the cell depart, under the same condition of increased gravitational force, from the bulk values by about 8.6% and 0.1%, respectively, at a temperature within 1 I-L K of the transition temperature and the meniscus forms about 3 J.l.m above the center when the mixture separates into two phases.
The most striking feature emerging from the calculations is the behavior of the concentration profiles for the mixture of C02 and C 2 H 6 • First of all, even in the normal gravitational field, the concentration gradients dx/ dz of the mixture exhibit a change of sign depending on the bulk concentration of the mixture relative to (x)caz-They assume positive values when (x) = 0.50 (which is less than (x)caz) and they assume negative values when (x) = O. 84 (which is greater than (x)caz). The gradient becomes virtually zerO when (x) = (x)caz' The reversal of the sign has its origin in the reversal of the volatility of CO 2 and C 2 H 6 • According to the phase diagram of the mixture of CO 2 and C 2 H 6 , shown in Fig. 5 , CO 2 is the more volatile of the two for mixtures with a CO 2 concentration less than that of an azeotropic mixture. On the other hand, C2HS is the more volatile of the two in those with a CO 2 concentration greater than that of an azeotropic mixture. Therefore, for a mixture of (x) = O. 50, CO 2 is the more volatile component. Even at supercritical temperatures, in the field of gravity it will be present in a higher concentration in the upper part of the cell because that part is the one occupied by the vapor phase when the mixture separates into two phases. For the case of (x) = O. 84, CO 2 is the For simple fluids near a gas-liquid critical point, the density gradient dp/dz diverges according to the power law I tl-r along the critical isochore. 2,3,10 But for binary fluid mixtures near a plait point, Mistura 21 has pointed out that both dp/dz and dx/dz diverge according to the same y power law, except at the critical azeotrope where dx/dz vanishes. Binary liquid mixtures near a consolute point form a special case when the fluids are relatively incompressible. The results of our calculations agree with his prediction and also illustrate the behavior of the secondary contributions to the gradients as the coefficient of the strongest contribution passes through zero at the azeotrope. In the framework of the Leung-Griffiths equation of state, the concentration gradient is expressed in four parts. The first three parts are terms proportional, respectively, to (w~
t , and r-a, and the fourth part consists of terms proportional to r with exponents greater than or equal to O. Here r is the Schofield's distance variable which, along the special paths of critical isochore or critical isopleth, becomes proportional to t. In general, when a critical point is approached (r-0) the first part diverges strongly and becomes the dominant term resulting in a large gradient, except near a critical azeotrope because (w~ + B~W~) vanishes along an azeotropic line, where this coeffiCient changes sign. This change of sign is responsible for the reversal of sign of dx/dz for (x) = 0.50 and (x)= O. 84, as illustrated in
Figs. 3(a) and 3(c). For (x) = (x)caz, (w~ + B~w.) is so small that the contribution to the concentration gradients comes mostly from the second part which, however, is itself negligibly small in the normal gravitational field so that x does not vary with height, as shown in Fig. 3(b) . This second part is something of a curiosity; although r part, r-O<, the second part as a whole does not diverge because the multiplicative factor e is zero at a critical point. Whereas the first part is an even function of e, the second part is an odd one which results in a characteristically different feature as e changes sign when P goes from greater than to less than Pc' The weakly diverging third part is found to be negligible under conditions that are accessible experimentally. Simply speaking, the only significant contribution to dx/dz in normal gravity comes from the first part which exhibits the strong y divergence.
We can, however, amplify the effects of each part by increasing the gravitational acceleration. For instance, when (x) = (x)caz, the dominant contribution from the second part can be made to manifest itself in a high gravitational field. As shown in Fig. 4(b) , the bracketlike bend in the concentration profile at the center is just such a manifestation. As a matter of fact, in a high gravitational field, the states of the mixture away from the center of the cell are so far removed from the critical point that the first part is no longer dominant. Consequently, all parts except the third become comparable in magnitude resulting in the unusual shapes for the concentration profiles in Figs. 4(a) and 4(c). The interesting behavior of the concentration profiles is related to the presence of an azeotropic line. In a mixture of He 3 and He 4 , subjected to a large gravitational force, the predicted denSity and concentration profiles exhibit the same general features as in the case of a normal gravitational field.
Given the condition that Ml > M2 such as is the case for the mixture of carbon dioxide and ethane, Eq. (31) seems to mandate that the top (or bottom) of the cell should contain pure ethane (or carbon dioxide) when gz -00 (or -00) because 1; -1 (or 0) at that limit. This notion is consistent with the physical intuition for the limit gz -00 where the ideal gas equation of state will prevail but it is not necessarily correct for the limit gz _ -00, in which all fluids become close-packed liquids. The concentration profiles calculated for a large gravitational field shown in Fig. 4 indicate, misleadingly, increasing CO 2 concentrations not only towards the bottom, but also towards the top of the cell. The gravitational acceleration of 2x 10 5 times g, however, does not sufficiently approximate the limiting case of I gz I -00, but at higher gravitational acceleration the empirical limit of validity of the Schofield linear model will be exceeded. If, for these limiting states far removed from criticality we choose a van der Waals equation of state for the mixture 21 ,28 we can show that if Ml > M 2 , then x will approach the value zero (pure ethane) as gz -00. But for the limiting case of gz --00, x will approach the value 1 if M l/bl > M 2 /b 2 , where b l and b 2 are the excluded volume parameters, respectively, of carbon dioxide and ethane. The first part of the conclusion is consistent with the notion that the ideal gas equation will prevail as gz -00 because p -0 and consequently gases of lighter molecular weight float to the top. The second part states that when the fluids are as dense as liquids, the denser one sinks. For the mixture of carbon dioxide and ethane, the ratio of molecular weight to excluded volume parameter is indeed larger for CO 2 than for C2HS and consequently the former must eventually sink. The equations relevant to the discussions can be found in the Appendix.
VI. CRITIQUE
For our applications, the equation of state as presented in Sec. II is not without deficiencies. One of the most serious drawbacks is the use of the Schofield linear model. First of all, its applicability is restricted to a small range around a critical point. More seriously, it assumes that the coexistence curve of a pure fluid is symmetric in denSity with respect to Pc' Generally speaking, the assumption is not correct for real fluids near a critical point. Helium-3 and helium-4 are found to be exceptions; the two pure fluids have nearly symmetric coexistence curves and the Leung-Griffiths thermodynamic potential describes the known physical properties of the mixture adequately. 23,29 Thus we expect the calculated gravity effects in this mixture to be realistic. In the case of the mixture of carbon dioxide and ethane, the lack of skewness in the model coexistence curve with respect to density may prove to be a significant shortcoming. The deficiency could be remedied, in prinCiple, by the mixing of variables and the introduction of correction-to-scaling terms as in the case of Simple fluids. 3o However, this complicated procedure has yet to be worked out for mixtures. Moldover et al. introduced asymmetry into the thermodynamic potential of the Leung-Griffiths type by a simpler approach 3l ,32 for a number of mixtures including the mixture of CO 2 and C 2 H s . But the use of the thermodynamic potential has been restricted to the two-phase region.
In spite of the deficiencies in the equation of state, we believe that the general features of the denSity and concentration gradients will not be essentially modified when an improved equation is used, because these features are induced by the strong critical anomalies which have been properly incorporated in the equation.
In our calculations, we assume that the mixture is in local equilibrium everywhere in the cell. This assumption ceases to be valid very close to a critical point because of nonlocal effects when the correlation length of critical fluctuations becomes comparable to the range of height over which the densities vary appreciably. 33 In this context, lengthening of the sample cell is not equivalent to increasing the gravitational acceleration. However, the nonlocal effects are significant only when t is about 10-6 or less, therefore, for most cases, such as our calculations, one can neglect the nonlocal effects without serious consequences.
VII. SUMMARY
Using a nonclassical equation of state of the mixtures of He 3 and He 4 and of CO 2 and C2HS near a critical line, we have calculated the profiles of denSity and concentration in a sealed cell of a finite height. The gravity effect is found to be larger in the mixture of He 3 and He 4 than in that of CO 2 and C 2 H s . The temperature at which a mixture first separates into two phases is different from the critical temperature determined by the bulk parameters. The gravity-induced denSity profiles of mixtures are very insensitive to the bulk concentration of the mixtures and show the same features as those in simple fluids. On the other hand, the concentration profiles show a variety of features from one mixture to another. For instance, the concentration gradient virtually vanishes in the critical azeotropic mixture of CO 2 and C 2 H s • For mixtures with bulk CO 2 concentration larger than that of the critical azeotropic mixture, the concentration profiles show an increase in CO 2 with increasing height whereas for the mixtures with bulk CO 2 concentration less than that of the critical azeotropic mixture, the profiles show a decrease in C~ with increasing height. But if the cell is infinitely long or the gravitationai field is infinitely strong, the ideal gas equation and sedimentation effect shall prevail, respectively, at the top and the bottom of the cell causing ethane to float to the top and carbon dioxide to sink towards the bottom.
We have also shown that the location of the meniscus at the phase transition is not affected by gravity in any significant way; the meniscus motion in mixtures of He
